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8.1 Examples of 2nd order RCL circuit

L

= A second-order circuit is characterized by a second-
Vg C =
order differential equation. It consists of resistorSvand
the equivalent of two energy storage elements. (a)
= Typical examples of second-order circuits:
_ o i, R § cC=— 1 %
(a) series RLC circuit,
(b) parallel RLC circuit, (b}
(c) RL circuit, N
(d) RC circuit. n@® L % Ly %

o
Ay l
J:s C# T ':'I c.!
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8.2 Finding Initial and Final Values

The major problem in analysis of the second-order gircuits\s finding the
initial and final conditions on circuit variables: v(0),.i(0), dv(0)dt, di(0)dt,
I(00), and v(o0).
There are two key points to keep in mind in determining the initial conditions.
* First—we must carefully handle the, polarity of voltage v(t) across the
capacitor and the direction of ¢he gurrent i(t) through the inductor.
» Second, keep in mind, thatthe capacitor voltage is always continuous so
that v(07) = v(0")
and the inductor currentis always continuous so that i(07)=i(07)
where t=0"_dénotes the time just before a switching event and t=0"is the
time just after the switching event, assuming that the switching event takes

place at t'=,0.
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Example 8.1. The switch in Fig. has been closed for a long time. It is open

att = 0. Find: i(0%), v(0*), di(0*)dt, dv(0%)dt, i(co), v(x0).

Solution:

a)

If the switch is closed a long time before
t = 0, it means that the circuit has reached
dc steady state at t = 0.

At dc steady state, the inductor acts like
a short circuit, while the capacitor acts

2V

40 N\
b A AN

0.25 H
A1k

20

=0

I

%G.‘I F =

like an open circuit, so we have.the eireuit in Fig.(a) at t = 0—.

Thus,
i(07) = 12 _oa v(07) =2i(07) =4V
4+2
As the inductor current and the capacitor
voltage cannot changeabruptly,
i(0)=i(07)=2A, v(0)=v(0)=4V
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b) Att =0+, the switch is open; Fig.(b).
The same current flows through both the
Inductor and capacitor.

Hence,
i.(07)=i(0")=2A
. dv @@_h: dv(0") _ i.(07) 2

lc

dt dt C dt C

Simllarly, VL=L—t<:>—=
Applying KVL to the loop:

-12+4i(0")+v,_ (0")+v(0")=0
=v (07)=12-8-4=0

:dI(O):VL(O): 0 _0A/s
dt L 0.25
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c) Fort> 0, the circuit undergoes transience.

But as t — oo, the circuit reaches steady

state again.

The inductor acts like a short circuit and
the capacitor like an open circuit, so that
the circuit in Fig.(b) becomes that shown

In Fig. (c), from which we have

i(0) =0A, V(6)=12V.
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8.3 The Source-Free Series RLC Circuits

The solution of the source-free series RLC circuit is

called as the natural response of the circuit.

The circuit is excited by the energy initially storedkin

the capacitor (V,) and inductor (l,).

° Thus, att:O, V(O):%J‘O idt:Vo, I(O):|0
« Applying KVL around the loop: di 1
Ri + La"‘a

» By differentiate with respechio t;we get

" i(r)dr =0

» This iss@'second-order differential equation.
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The initial value i is:

di(0)

Ri(0) + L——>+V, =0
Q) +L=—+Ve

For the first-order circuit,

exponential form: j = Ae®

di(0) 1

= T = —E(RIO +VO)

the solution for 1 1s,/0f

where A and s are constants to be determined.

_|_
dt’ L dt LC

: H t - !
Since 1=Ae" isthe assumed‘soldtion, so only

with characteristic roots

or S, 7 “a /o’ —a)o2
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= The two values of s indicate that there are two possible solutions for i,
i, =Ae*", i,=Ae”" =i(t)=Ae" +Ae%

where the constants A, and A, are determined from theuinittial values 1(0) and
di(0)dt. itha

There are three types of solutions:

1. Overdamped Case (Jib=ia 3 58), /\

o>, ie C>4L/R*=i(t)=Ae*+Ae* 0 :

— A typical overdamped respense.lmFig.(a).
(a)

2. C“t'Ca”y Damp6d Case (C); ds-“‘-‘ djha.m) i) 4 I(t) _ te—at
_R '”
2L

— i(t):Ale—at +Aze—at — (Ai + Az)e—at — Aze—at |
A typical eritically damped response Fig.(b). z

a=aw,ie. C=4L/R®>=5=s,=—a= t =1/a —max

Y
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3.

Underdamped Case (Aliliaic cuas) 01 .

o<, i.e. C<4L/R?

=S, :—ai\/—(wg —a’)=-at jo,

: 2 2
j=v-1, o,=\o; -« Q

* ), Is often called the undamped natural freguency,
* IS called the damped natural frequeney.

The natural response is

i(t)=e""(B,cosa,t+B,sinw,t)
B=A+A, B =1A~A)
For simply, |i(t)=e (A cosa,t+ A, sin a,t)

The response has atime constant of 1/a and a period of T = 2ww,.
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Example 8.2. InFig.,,R=40Q,L=4H,and C= 14F.
Calculate the characteristic roots of the circuit. Is the ¢natural, response

overdamped, underdamped, or critically damped? o [
ANN—— T ——

Solution, o |

R 40 ) Voo
T2 T J_ / R

=s,=—at\a’—w, =5+ J25-1

s, =-0.101, s, =-9.899

Since a > w,, we conclude that the response is overdamped.
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Example 8.3. Find i(t) in the circuit of Fig. Assume that the circuit has
reached steady state att = 0.

t=0D -
I g ‘ !
Solution, " "7{ —
- - +
For t <0, the switch is closed. 009 F == v -
capacitor = open circuit, 0 VE)
30 § 05H
Inductor =»a shunted circuit.
The equivalent circuit, Fig.(a).
Thus, att =0, 40 I
 the initial current through thefinductor Is
+
i1(0)=—— =1A v (Tt v <60
(0) 4+ 6 ) é
 the initial voltage across the capacitor
v(0) =6i(0) =6V @)
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For t > 0, the switch is opened. O —.
+
The voltage source is disconnected, Fig.(b). OOIF =— v 60
10V (T B
(source free series RLC circuit), Q 10 § 3 05 H
where the 3-Q and 6-Q resistors are in series
when the switch is opened: R=3+6=9Q ,
The roots are calculated as follows: %
90
R 9 M
=9, o,= 002F ==V

2L 2(1) \/LC 101 3{]_5H
2 2 5
=5, =—at o’ —w, =<9+ \/81-100 b)

=-91 j4.359 =—a = jo,
=>a=9, w4359
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Hence, the response is underdamped (a < w,); that is,
i(t)=e “(Acosat+A ssinat)=e"" (A cos4.359 + A, sin 4.359t)

Att=0, i(0)=1A=A

But, di

1 1.
G| =T (Rlg V) =~ [Ri(0) +v(0)] £ <2[9(1) < 6] = -6 AV

t=0
Note: V, =-Vv(0) , because the polarity of yin Fig. (b) is opposite that in Fig. for
source-free series RLC circuit (slid 8),

Thus,
% = %[ (A, c0s4.359t + A, 5in4.359t) |
=—9e™ (A c0s4.359t + A, sin4.350t) +e > (4.359)(—A sin 4.359t + A, cos 4.359t)

Att=0, di
E ==6=-—9(A +0)+4.359(-0+A,), for A =1= A, =0.6882
{=0

Finally, i(t)=e > (cos4.359t+0.6882sin 4.359t) A
9/23/2018 Dr. Eng. Hassan Ahmad 15




8.4 Source-Free Parallel RLC Circuits

Parallel RLC circuits find many practical applications, notably in
communications networks and filter designs.
Consider the parallel RLC circuit shown in Fig:

e Assume |n|t|al inductor current I, and initial’capacitor voltage V,,

i(0)=1,== j v(t)dt, v(0)=\V; v
Thus, applying KCL at the top nodé gives l . l N l
N
—+ I V(r)dr+C—:O E'§ v L?‘H’D v C=F Y
Taking the derivative with respect to t ] ]

and dividing by C results.in

d’v <1 dv 1 , 1
-+ +—V=0<s"+—s+—=0
dt© RCdt LC RC LC

where sis first'derivative, s? is second derivative.
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= The roots of characteristic equation are

or IS, =—at,\a —a, d=_—,

There are three possible solutions,
1. Overdamped Case.
a>w,, ie. L>4R*C =
The response is  v(t)=Ae™ +A g%, S

2. Critically Damped Case.

a=aw,ie L=4R’C=

The responise is v(t)=(A +At)e™,

9/23/2018 Dr. Eng. Hassan Ah
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3. Underdamped Case. | & [ |

a<am,ie L<4R’C=

The response is
v(t)=(Acosa,t+Asinat)e™, @, = oy —a®, S,=-atja,

The constants A, and A, in eachs~case ¢an be determined from the initial
conditions. We need v(0) and dv(Q)dt:

1(0) 21, =[SV, v(0) =V,
L ~0
at the top node
—+ jv(r)dr+C——O<:>\L I+Cdv(0)
R dt

L V(O (V,+RIy)
dt RC
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Example 8.4. In the parallel circuit of Fig., find v(t) for t > 0, assuming
v(0) =5V, i1(0) =0,L=1H, and C = 10 mF. Consider these'cases:}\R = 1.923 Q,
R=5Q,and R =6.25 Q. v

Solution: 'i l l
CASE 1: R=1.923Q, L R A
1 1 R .L i:ln’,:, . c ==
a = = 3 = 6 1 i
2RC 2x1.923x10x10 _ _
W, = 1 1 =10 =

JLC  /1x10x10°

Since a > w, In this case, the response.ds.averdamped. So,

5,= —a t \/az— w, =8 =<2, s,=-50

the corresponding respofise s v(t)=Ae™ +Ae™"
We now apply the initial conditions to get A and A, @ v(0)=5=A+A, (1)

dv(0) _ (Vp#Rly) . V() _ V(0)+Ri(0) _ 5+0

. =260
dt RC dt RC 1.923x10x10°
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But v(t)=Ae*+Ae™ = % =-2Ae™* -50Ae™

Att=0 —260=-2A —-50A, (2)
From Egs. (1) and (2), we obtain A; = —0.2083 and A, = 5:208,

Finally, v(t)=—0.2083e* +5.208e ™"

CASE 2: R=5Q,
1 1 1 1

a = = — = =10
2RC  2x5x10x10

= O’ ). = E—

" JLC T J1x10x10°
Since a > w, In this case, the response is.damped. So,
S,= —a * \/az — w,’ =5, =5, =10, v(t)=(A + At)e ™ =v(t)=(A + At)e™
Toget A; and A, , we apply theunitialconditions:

V(0)=52A, dv(0) _ v(0)+Ri(0) ~ 5+0 .

dt RC 5x10x10

dv _10t
But. E‘HOA& —-10At+A))e
Att=0, -100=-10A+A = A, =-50
Flna”y, V(t):(5_50t)e—10t V
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CASE 3: R=6.25Q,
| 1 _ 1 10, @, = 1 _ 1 10
2RC  2x5x10x10

" VLG V1x10x1073

Since a < w, In this case, the response is underdampedsSo,

S,= —a * \/052— w,’ =5,=-8%j6=—a%t jo, > v, =6
v(t)=(A cos6t+A,sin6t)e™
To get A; and A, , we apply the initial conditions;

v(0)=5=A, dv(O) v(O)+R|(O): 5+0 - 80
RC 6.25x10x10
But, %z%(AICOSG'H—AZSInG[)

= (—8A cos6t=8A, sin6t —6A sin6t +6A, cos6t)e™
ALLZ0. _g0=eBA +6A, = A, =-6.667
Finally, v(t)=(5cos6t+6.667sin6t)e™

9/23/2018 Dr. Eng. Hassan Ahmad
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Notice that by increasing the value of R, the degree of damping-decreases and

the responses differ (x4 = «alias), Figure plots the three cases of Example 8.4.

vit) V 4

9/23/2018

Overdamped
Critically damped

/
7

= Underdamped
|

0.5 1 1.5 ts)
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8.5 Step-Response of Series RLC Circuits

« The step response is obtained by the sudden application-0f axde voltage.

- Applying KVL around the loop for t > 0, t=ﬂ>}/ ST —
di . . dv .
L TRV 1=C Yo L
d°v Rdv v V.

= —+——+ =
dt® Ldt LC LC

The solution to this Eq. has two components: the transient response v,(t) and the

steady-state response v(t); thatis, ~w(t) = v, (t) + v (t)

The transient response v(t) is the component of the total response that dies out with

time.

Therefore, the transient response for three cases:

v(t)=Ae™ +Ae* (Ovedamped)
v(t)=(A + At)e ™ (Critically damped)

v(t) :( A cosa,t+ A, sin a)dt)e“"t (Underdamped)
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» The steady-state response is the final value of v(t).

Vo () = V(o) =V, :

DY
L
2

-

<
- A
.

)

|

|

« Thus, the complete solutions are: :

v(t)=V, + Ae™ +Ae*? (Ovedamped)
v(t)=V, +(A + At)e ™ (Critically damped)
v(t)=V, + (A cosm,t+ A, sina;t)e™ (Underdamped)

e The values of the constants Agand.A,)are obtained from the initial conditions:
v(0) and dv(0)dt.
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Example 8.5. For the circuit in Fig., find v(t) and i(t) for t >-0, Consider these
cases:R=5Q,R=4Q.andR=1 Q.

Solution: O (YN t= f?f
CASE1: R=5Q, 1 ™ + L
For t < 0, the switch is closed for a long time. 2800 (Y 025F ==V § 19
capacitor -)open circuit, inductor =»short circuit. i

i(0) = 1_4A v(0) =1xi(0) = 4V

Fort> 0, the switch is opened, =»1- Q resistor.disconnected.
The characteristic roots are determined as follows:

R 5 1 1
= = =25 w, = N =2=S5 a+\/a2—a)2:—l,—4
* JLC W1x0.25 12 = ’

2L 2x1

Since a > w, , we havéthefoverdamped natural response. The total response is
therefore

vt)=v, + (Ae ' +Ae ) =v(t)=24+(Ae " +Ae™)
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To find A, and A, using the initial conditions:

v0)=4=24+ A+A =>A+A =-20 (1

R H
Yy NI t=0)f

i0=cO _, Q) _4_ 4 4 ™~ .o
dt dt C 0.25 200 5:“1 0.25F == v 210
But, dv d _4t t 4t ) 1
’ 24+ (Ae " +Ae =—Ae —4A¢e
T 2AT (AT AT |=—AeT —4A,
Att=0, Ol‘él(to)zlesz—/s&—4A2 2)

From Egs. (1) and (2): A =-64/3, CA,=4/3
Finally, v(t):24+%(—16et+e‘”) \%
Since the inductor and capaeitor are in series for t > 0, the inductor current is the

same as the capacitorgcurrent. Hence, dv
i(t) = Cd :>|(t)_—(4e —e ™) A
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CASE 2: R=4Q, R 1H rzw
For t < 0, the switch is closed for a long time. WW—E ™"
{ +

capacitor =»open circuit, inductor =»short circuit. , .,

24 -y Q.25 v
1(0) = 1_4.8A, v(0) =1xi(0) =4.8V )
a—R— 4 =2, ®,= = =2=8 =S5, =—a=—2
2L 2x1 7 JLC 1x0.25 y,
So, have the critically damped natural response. The‘total response is therefore
V(t)=24+(A +At)e™, v(0)=48=24+ A=A =-192 (1
i0)=cO) _ g MO _48_,4,
dt dt C
dv d

T —| 24+ (A FADE T = (-2A - 2tA, + A)e ™
Att=0, d‘;(to) 192=22A+A, (2
From Egs. (1) and (2): A =-19.2, A ,=-19.2
Finally, v{t)=24-19.2(1+t)e® V i(t)=C%:>i(t)=(4.8et+9.6e2t) A
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CASE3: R=10, R =5

LYY - -y 1y
For t <0, the switch is closed for a long time. 1. N
capacitor =»open circuit, inductor =»short circuit.  2av ;tj 025F = v E
i(0)=7— 24 -=12A, v(0)=1xi(0) =12V ]
1 1

S, @, = = =2

2L 2x1 VJLC  +1x0:25

Since a < w, In this case, the response is underdamped. So,

= —a + Ja’— o =5,=-05+[1936=—a + jo, = v, =1.936

S1,2
The total response is:  v(t)=24+ (A c051.986t + A, sin1.936t )e >
v(0)=12=24+A = A=-12 (1)

dv(0) dv(0) _12

dt

=12 = =48

i(0)=C

9/23/2018 Dr. Eng. Hassan Ahmad 28
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But dv d

E=E[24+(Alcosl.936t+A2sin1.936t)e‘°'5‘]

= (—1.936 A sin1.936t +1.936 A, c0s1.936t)e
—0.5e°% (A c0s1.936t + A, sin1.936t)

Att=0, d‘;(to) — 48— (~0+1.936A )~ 0.5(A%0)_(2)
From Egs. (1) and (2): A=-12, A =21.694

Finally, v(t)=24+(21.694sin1.936t ~12c0s1.936t )e ' V

The inductor current Is:

i(t)=C % = i(t) =(3.1sin1.936t +12c0s1.936t J)e ™ A

9/23/2018 Dr. Eng. Hassan Ahmad
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Figure plots the responses for the three cases.

vit) V A
40

Underdamped
35 | P

-

30
Critically damped
25 / N\
,______-___,...-:———=

20

15

10 Overdamped

-]

] | L | 1 | 1 1 | =

0 1 2 3 4 o 6 7 8  tis)

From this figure, we observe that the critically damped response approaches the step
input of 244/ the fastest.
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8.6 Step-Response of Parallel RLC Circuits

= The step response is obtained by the sudden application of a de,Current.
« Applying KCL at the top node for t > 0, _
v . . dv L

—+1+C—=1 >

R dt AORIAYEE ISR

dii  1.di i I
=+ + =

dt®* RCdt LC_ LC

The complete solution consists of the transient.response i(t) and the steady-state

response i(t); that is, i(t) =i (t)+iL(f)

with v = LOII =
dt

The final value of the current, through the inductor is the same as the source
current I.. Thus, i(t)=1+ A BAe™ (Ovedamped)
i(t)=1_+(A + At)e ™ (Critically damped)
i(t)=1,4(Acosmt+A,sinw,t)e™™ (Underdamped)

The constants Al and A2 In each case can be determined from the initial

conditions for-band didt.
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Example 8.6. In the circuit of Fig., find i(t) and ix(t) for t > Q:
t= 0% 200
i

U y Ay

an(}) 2043 2003 emF=

[ o

| # +

30u(—) V

Solution:
For t < O, the switch is open, and the circuit is partitioned into two independent
subcircuits, Fig.(a). 20 Q
AAA—
SR
= +
sa (}) @206 3, 20 ié smF==" (%) 30u-nVv

(a)
« The 4-A current flows through the inductor, so that i(0)=4A

e t<0 =» 30u(=1)=30; t>0 =» 30u(—t) =0, thevoltage source is operative
fort<0.
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200

« The capacitor acts like an open circuit, | i R
and V(8mF) — V(ZOQ) , Flg-(b)- aA U 20 H ‘; 20 0 :5: y ’;E 30u(—t) V
« By VDR on Fig.(b)., the initial = 1
: : (b
capacitor voltage (t=0)is 200
ANA—
20 N }ie
v(0) = 20 + 20 (30) =15V an (§) oH ;‘ 200 l*’i gmF==v (%) 300V
For t > O, the switch is closed, and we 8
have a parallel RLC circuit with a current 200
source, Fig.(c). | I M
*t>0 :?OU(— t) = (_)’ th_e V_Oltage an () 20H 3 2051}?’; aszir
source acts like a short-circuit, Fig.(d). . 1 -
Thus,R=20120=10 Q. @
L L 625 o=~ L s

JLC  /20x8x10°

S.,= —0 * \Ja’= o, =—6.25+5.7282 =5 =-11.978, 5, = —0.5218

o = =
2RC 2x10x8x10°
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Since a > w,we have the overdamped case. Hence,
i(t)= |S + Aleslt _|_Azes2t iy Ale—11.978t +Aze_0'5218t

Att=0,=> 1(0)=4+A+A =4 =A=-A 1)

But % ;jt (4 + A\le -11.978t + Aze -0. 5218'[) — _11.978A1e—11.978t - 0.5218A2e—0.5218'[

sothatatt=0, 90 _ 11 978a —05218A,

dt
st v - L8O g GO di© 15 15 o
dt dt dt L 20

Thus, —11.978A —0.5218A, =0.75 (2)
From Eqgs.(1) and (2): A, =0.0655 A =-0.0655

The completesélttion‘s as i(t) =4 +0.0655(e " —e ™) A

v(t) d
Ia(t )—
20 d
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The end of chapter &
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